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ABSTRACT
We present modifications to the Athena++ framework to enable use of general equations of state (EOS). Part of
our motivation for doing so is to model transient astrophysics phenomena, as these types of events are often not
well approximated by an ideal gas. This necessitated changes to the Riemann solvers implemented in Athena++. We
discuss the adjustments made to the HLLC, and HLLD solvers and EOS calls required for arbitrary EOS. For the first
time, we demonstrate the reliability of our code in a number of tests which utilize a relatively simple, but non-trivial
EOS based on hydrogen ionization, appropriate for the transition from atomic to ionized hydrogen. Additionally, we
perform tests using an electron-positron Helmholtz EOS, appropriate for regimes where nuclear statistical equilibrium
is a good approximation. These new complex EOS tests overall show that our modifications to Athena++ accurately
solve the Riemann problem with the expected linear convergence. We provide our test solutions as a means to check
the accuracy of other hydrodynamic codes. Our tests and additions to Athena++ will enable further research into
(magneto)hydrodynamic problems where realistic treatments of the EOS are required.
Keywords: equation of state; hydrodynamics; magnetohydrodynamics (MHD); methods: numerical
1. INTRODUCTION
While the assumption of an ideal gas is common in
astrophysical fluid dynamics, there are many systems
where this is not a valid approximation. This assump-
tion is utilized due to its wide range of applicability
and extremely simple equation of state (EOS); i.e. rela-
tions between fluid parameters including pressure, den-
sity and internal energy. Supernovae (e.g. Fryxell et al.
2000; Bruenn et al. 2018; Coleman et al. in prep.), Kilo-
novae (e.g. Radice 2017), and ionization instabilities in
accretion disks (e.g. Lasota 2001; Hirose et al. 2014;
Coleman et al. 2016; Scepi et al. 2018; Coleman et al.
2018) are just a few examples where a realistic treatment
of the EOS is necessary, and the assumption of an ideal
gas gives the wrong results. These example also show
the significance of realistic EOS in modeling transient
events. As transient surveys such as ASASSN (Shappee
et al. 2014; Kochanek et al. 2017), Catalina (Drake et al.
2009, 2017), ZTF (Masci et al. 2018), and the upcoming
LSST (LSST Science Collaboration et al. 2017) continue
to advance our observations of these events, we must also
simultaneously increase the realism of our models. One
key way of improving the fidelity of astrophysical fluid
simulations is by utilizing realistic EOS.
For finite-difference (magneto)hydrodynamic, (M)HD,
codes such as Zeus (Stone & Norman 1992a,b), it is rel-
atively easy to use a general EOS (as used by Hirose
et al. 2014). However, for Godunov-type code such as
Athena++, it is much more challenging to incorporate a
general EOS, as one must solve the Riemann problem
using the same EOS (an aspect we will discuss in more
detail later). The seminal work of Colella & Glaz (1985)
enabled Godunov codes to use non-trivial EOS in a more
robust manner, by addressing the Riemann problem for
a general EOS. This paved the way for Godunov codes
to adopt more realistic EOS, such as FLASH (Fryxell
et al. 2000), CASTRO (Almgren et al. 2010), and Chimera
(Bruenn et al. 2018). Here we extend the Athena++
framework (Stone et al. 2019, submitted) to perform
non-relativistic (M)HD simulations using general EOS
(subject to two assumptions discussed later). While
Athena++ is capable of relativistic MHD (White et al.
2016), the EOS extensions we describe here are only
applicable to non-relativistic calculations. Although the
methods described in this paper are not the first to
incorporate realistic EOS in a MHD code, they make
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Athena++1 the first publicly-available open-source MHD
code whose general EOS capabilities have been explic-
itly verified with a suite of (M)HD tests utilizing a
non-trivial EOS. We note that FLASH (Fryxell et al.
2000) comes close to being able to make this claim, but
they have not published any tests where they dynami-
cally evolve a fluid utilizing a non-ideal EOS and verified
against a known solution. Additionally, CASTRO (Alm-
gren et al. 2010) is a HD code which has previously run
similar tests (Zingale & Katz 2015) but does not evolve
magnetic fields.
To achieve the incorporation of general EOS we had to
modify the Riemann solvers utilized by Athena++. Ac-
cordingly, we summarize the Riemann problem in Sec-
tion 2. In Section 3 we describe the methods we use to
solve the equations of (M)HD with a general EOS. We
describe the generation of a series of tests to verify our
code in Section 4 and analyze their results in Section 5.
In Section 6 we summarize our work and make some
concluding remarks.
2. THE RIEMANN PROBLEM
The Riemann problem is a fundamental component of
Godunov-type codes such as Athena++, enabling them
to evolve the fluid equations. In this section we describe
the Riemann problem for the case of a 1D unmagnetized
fluid described by the Euler equations:
∂ρ
∂t
+
∂
∂x
(ρvx) = 0 (1)
∂
∂t
(ρvx) +
∂
∂x
(ρv2x + p) = 0 (2)
∂E
∂t
+
∂
∂x
(E + p) = 0, (3)
where ρ, vx, p, and e are, respectively, the mass density,
speed, gas pressure, and internal energy density of the
fluid in question. Additionally, E = ρv2x/2+e is the total
energy density. A relation between p, e, and ρ is required
to close the system of equations which is provided by the
EOS, e.g. p = p(ρ, e), or e = e (ρ, p), which we assume
to obey (
∂p
∂ρ
)
e
> 0 (4)(
∂p
∂e
)
ρ
> 0, (5)
in the rest-frame of the fluid. These assumptions are
sufficient, but not necessary to guarantee that the Rie-
mann problem has a unique solution (see e.g. Chen et al.
2019, hearafter C19).
1 Available at https://github.com/PrincetonUniversity/
athena-public-version
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Figure 1. An example solution to an arbitrary Riemann
problem illustrated as a Riemann fan. The horizontal axis x
is position, and the vertical axis is time. The four constant
fluid states from left to right are UL, UL∗, UR∗, and UR.
Here the left wave (shaded gray) is a rarefaction wave, middle
is a contact discontinuity (thin-black line), and right is a
shock wave (bold-black line).
The Riemann problem inquires how to describe the
evolution of two semi-infinite constant fluid states,
U(x < 0) = UL = (ρL, vx,L, pL) (6)
U(x > 0) = UR = (ρR, vx,R, pR) , (7)
separated by a partition (at x = 0) after its removal (at
t = 0). The majority of modern grid based hydrody-
namic codes (including Athena++) solve this problem at
every cell interface at every time-step to compute the
fluxes across these interfaces. Accordingly, it is neces-
sary to revisit the Riemann problem when considering
realistic EOS.
Often the solution to a Riemann problem is shown
graphically as a “Riemann fan” (see Fig. 1). The Rie-
mann fan visibly demonstrates that the solution is a
function of only x/t, where t is the time since the parti-
tion was removed and x is the distance from the parti-
tion’s location at t = 0. It also shows that the solution
consists of four different constant fluid states (from left
to right: UL, UL∗, UR∗, and UR), separated by three
waves. The outer two waves are either shock-waves or
rarefaction-waves, while the middle wave is always a con-
tact wave/discontinuity.
Recently, C19 closely examined the Riemann problem
with particular care given to general EOS and demon-
strate that it can be solved exactly to arbitrary pre-
cision. However, doing so is too computationally ex-
pensive for most practical purposes (even for an ideal
gas). To make hydrodynamic simulation numerically
tractable, (M)HD code tend to solve the Riemann prob-
lem approximately.
C19 also showed that generalizing the Riemann prob-
lem from an ideal gas to a more realistic EOS requires
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utilizing the precise definition of the adiabatic sound
speed
a2 ≡
(
∂p
∂ρ
)
s
, (8)
where the subscript s denotes that the derivative is taken
at constant specific entropy.
3. METHODS
We start with the Athena++ code framework (Stone
et al. 2019, submitted) which can solve the equations of
MHD (here we neglect diffusive effects such as viscosity
and resistivity)2:
∂ρ
∂t
+∇ · (ρv) = 0 (9)
∂ρv
∂t
+∇ ·
[
ρvv +
(
p+
B2
2
)
I−BB
]
= 0 (10)
∂E
∂t
+∇ · [(E + p)v −B (B · v)] = 0 (11)
∂B
∂t
−∇× (v ×B) = 0, (12)
where v is the fluid velocity, I is the identity tensor, B is
the magnetic field, and E = e+ρv2/2+B2/2 is the total
energy density. For the entirety of this paper we use
second-order piecewise-linear primitive3 reconstruction
with the second-order van Leer time integrator.
3.1. EOS Framework
Here we describe the requirements and constraints
of our general EOS framework. This framework here
should be thought of as a means to implement a vari-
ety of EOS for use with Athena++, with no particular
application in mind. As previously stated, we assume
that EOS used in this framework obeys Eqns. 4 and 5.
Implicit in this statement is that these derivatives are
well defined and behaved. The EOS must also provide
the following functions for Athena++ to be able to evolve
the fluid equations:
p = p (ρ, e) (13)
e = e (ρ, p) (14)
a2 = a2 (ρ, p) =
(
∂p
∂ρ
)
s
. (15)
The first two of these functions are used to convert
primitives to conservatives and the inverse, respectively.
Athena++ uses the total energy density (E = e+ρv2/2+
2 Although, Athena++ is capable of including these effects.
3 Characteristic reconstruction does not support general EOS.
B2/2) as a conserved variable and thermal pressure p
as a primitive; accordingly, e is computed from E by
subtracting off the other energy components before the
conversion to pressure is made. Finally, the adiabatic
sound speed is used to determine the CFL condition and
in the Riemann solver (e.g. for computing characteristic
speeds and fluxes). Any EOS which is able to provide
these functions and obey Eqns. 4 and 5 can work in this
framework, even a piecewise EOS.
The generalization from an ideal gas to a more realistic
EOS in Athena++ can be schematically represented as
follows:
p = (γ − 1) e ⇒ p = p (ρ, e) (16)
e =
p
(γ − 1) ⇒ e = e (ρ, p) (17)
a2 = γ
p
ρ
⇒ a2 = a2 (ρ, p) , (18)
where γ is the adiabatic index for the ideal gas. All of
these translations are intuitive, however it is non-trivial
to show that these translations preserve all the char-
acteristic speeds associated with the Riemann problem
(see Appendix B of C19). With one caveat (see Ap-
pendix A), these three translations cover all the changes
required to generalize Athena++ for realistic EOS. In
short, the changes we made to Athena++ can be summa-
rized as follows: we found all instances of γ and replaced
them using one of the above translations.
3.2. Tabular EOS
While Eqns. 13-15 can written in a (semi-)analytic
fashion, they may also be implemented with interpolated
tables. Here we present the details of the tabular EOS
utility that we have created for use with our general
EOS framework, although the framework is more flexible
and extendible, if the need for more complicated tables
arises, such as the Helmholtz EOS (Timmes & Swesty
2000) discussed in Section 4.3.
The functions 13-15 need to be precomputed in some
discretized way. In stead of precomputing these func-
tions directly, we tabulate4
log (p/e) (log ρ, log e+ η log ρ) (19)
log (e/p) (log ρ, log p+ η log ρ) (20)
log (Γ1) (log ρ, log p+ η log ρ) , (21)
where η is a user specified constant, and
Γ1 ≡
(
∂ ln p
∂ ln ρ
)
s
=
ρ
p
a2. (22)
4 We use the convention that log q ≡ log10 q and ln q ≡ loge q.
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These all take the form of log (q) (log ρ, log ), where q
is a dimensionless quantity and  is either eρη or pρη
(which both have the same dimensionality). For simplic-
ity, we discretize these functions with a regularly spaced
rectangular grid:
δ log ρ ≡ log ρi+1 − log ρi =
log ρNρ−1 − log ρ0
Nρ − 1 (23)
δ log  ≡ log j+1 − log j = log N−1 − log 0
N − 1 , (24)
where Nρ and N are the sizes of the table in the ρ
and  directions respectively, i ∈ {0..(Nρ − 1)}, and j ∈
{0..(N − 1)}. We allow for an arbitrary shift between
pressure and internal energy,
ej = c0pj ∀j ∈ {0..(N − 1)} (25)
with c0 an arbitrary constant (set to one by default), but
e and p are both required to have the same number of
points (N). Bilinear interpolation is used to estimate
the values of 19-21 in-between the discretized points;
this guarantees the preservation of monotonicity. If data
is requested from off the table, then linear extrapolation
is used, although it is best to prevent this from happen-
ing by creating sufficiently large tables and setting floors
for p, e and ρ wisely. An alternative that is feasible in
this framework (although not currently implemented) is
to use a different EOS outside the table domain.
One of the motivations for choosing 19-21 as the tab-
ulated quantities, is that for an ideal gas these are con-
stants, i.e.
p
e
= γ − 1 (26)
e
p
=
1
γ − 1 (27)
Γ1 = γ. (28)
This enables a table with Nρ ≥ 2 and N ≥ 2 to exactly
(to machine precision) reproduce the results of explicitly
using the ideal gas EOS, which we have verified with
Athena++.
3.3. Riemann Solvers
For HD problems we utilize the HLLC (Toro et al.
1994) Riemann solver. Before the work presented here,
Athena++ used the Roe average to approximate the mid-
dle state as a means to estimate the extremal wave-
speeds in the HLLC solver (see e.g. Sections 10.5.1
and 11.3.3 of Toro 1999). After experimenting with a
few wave-speed estimators we discovered that the PVRS
(primitive variable Riemann solver) method described in
Sections 9.3 and 10.5.2 of Toro (1999) resulted in signif-
icant reduction of errors and improved convergence in
tests 3 and 4 (see Section 4 and Table 2), without nega-
tively affecting the accuracy of solutions using an ideal
gas EOS. Accordingly, we now use this method to esti-
mate the extremal wave-speeds. The details of these
two wave-speed estimators are given in Appendix A.
While for MHD problems we use the HLLD Riemann
solver with the wave-speed estimator given by Equation
12 of Miyoshi & Kusano (2005), as originally used in
Athena++.
4. GENERATING TESTS
Previously, only C19 and Zingale & Katz (2015) give
exact solutions for hydrodynamic tests involving a non-
trivial EOS. As this work was developed in conjunc-
tion with C19, we developed tests independently and
we wanted to create a series of tests based on an ana-
lytic EOS (not done by Zingale & Katz 2015), requiring
us to develop our own series of Riemann problem tests
to validate our code.
4.1. Hydrogen HD Tests
We use a relatively simple EOS which consists of only
electrons, neutral hydrogen, and ionized hydrogen, with
an ionization fraction x governed by Saha’s equation;
see Appendix B for more details. This EOS is de-
signed to test the codes ability to accurately evolve flu-
ids through ionization transitions (as is necessary for
ionization instabilities in accretion disks; see e.g. Hirose
et al. 2014; Coleman et al. 2018). We use an arbitrary-
precision general EOS Riemann Solver based on that
developed by C195 to generate solutions for comparison
with Athena++. All tests using this hydrogen EOS (tests
1-7) are done with the publicly available version 19.0 of
Athena++.
When running these tests within Athena++, every time
an EOS call is made, first the code performs a root find6
to determine the temperature, which is used along with
density to analytically compute the required EOS quan-
tity. For tests, this is substantially better than using a
lookup table, as the convergence would be sensitive to
the details and resolution of the table implementation.
Due to the nature of our EOS, a set of units naturally
arises (see Table 1). Unless otherwise specified, all quan-
tities are given in these units. Two notable exceptions
are the length and duration of the simulation runs, ∆x
and ∆t respectively. This is because Riemann solutions
5 We utilize different bracketing bounds for root finding, which
does not affect the outcome of the solution.
6 We use the BrentDekker method to compute the temperature
to a precision of one part in 1012 and our bounding guesses are
computed assuming the ionization fraction is either one or zero.
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Table 1. Assumed Units
Quntity Symbol Expression cgs value
mass mp mp 1.6726219e-24
temperature Tion
1
k
α2mec
2
2
157,888
number density nq
(
2pimekTion
h2
)3/2
1.514892e23
density ρu mpnq 0.253384
pressure Pu nqkTion 3.302272e12
magnetic field Bu
√
Pu 1.8172154e6
speed vu
√
kTion/mp 3.6100785e6
length `u n
−1/3
q 1.8758844e-8
time tu `u/vu 5.196243e-15
Note—These units are chosen for convienence of calculations
with our EOS (see Appendix B) and the subscript “u” stands
for unit.
are scale free, depending only on x/t. Therefore we only
specify the ratio of ∆t/∆x (in units of 1/vu).
One trivial test that we ran was a 1D sinusoidal-linear-
wave at ρ = p = 1 (making Γ1 = 1.615) with a wave
amplitude of δρ = 10−6. The wave was initialized in an
eigenmode with the sound speed as the expected propa-
gation speed. We verified that the wave returned to its
original position after one sound-crossing time.
As this test has no way of probing the accuracy of non-
linear HD, we also define 6 different Riemann problems,
listed in Table 2, to test the accuracy and convergence
of Athena++ in non-linear HD. The simulation domain
spans ±∆x/2 and are run for a duration of ∆t. The
initial conditions are two separate constant (left/right)
states with a discontinuity at x = 0. We specify the
density (ρ), speed (vx), and temperature (T ) for the left
and right initial states. Traditionally, pressure (p) is
used instead of temperature, however Eqn. B33 allows
us to readily compute p(ρ, T ), and using temperature
makes it easier to define problems where the ionization
state changes significantly. The corresponding pressures
of these initial states can be found in Appendix C.
To classify the errors we define the L1 and L2 norms
as
L1 (f) =
1
N
∑
i
|∆fi| (29)
L2 (f) =
1
N
√∑
i
|∆fi|2, (30)
where N is the number of cells used in a simulation. For
f 6= x, t, we also define the cell-wise error between the
simulation data and the exact solution
∆f ≡ fAthena++ − fexact. (31)
As the general Riemann problem contains discontinu-
ities, the expected convergence is linear, i.e. L1 (f) ∝
1/N , and L2 (f) ∝ 1/N , where N is the number of
cells. To test the convergence, each test is run with
N = 64, 128, 256, 512, 1024, 2048 cells. Additionally, we
set the CFL number to 0.4. We provide all test solutions
in Appendix C to enable tests with other (M)HD codes.
We first note the similarity between the tests pre-
sented here and those in C19; as noted before, these
works were developed simultaneously. All of these tests
are designed to exhibit substantial variations in both the
ionization fraction x and effective adiabatic index Γ1, to
test the code’s ability to accurately describe non-ideal
EOS. The first two tests (1 and 2) are based the classical
Sod (1978) shock tube, with the initial left/right states
at zero velocity and higher pressure on the left which
drives a rightwards shock. Tests 3 and 4 are asymmet-
ric double shocks, where both initial states have a super-
sonic inward flow. As we will discuss in Section 5 these
prove to be the most changing tests. Tests 5 and 6 are
respectively, symmetric and asymmetric double rarefac-
tion wave tests.
4.2. Hydrogen MHD Test
In addition to the previous HD tests, it is also im-
portant to test that our code can accurately reproduce
a known MHD problem with a general EOS. Unfortu-
nately, prior to this work, there were no published tests
(or corresponding solutions) for MHD with a non-trivial
EOS, requiring us to develop our own. Computing the
characteristics (i.e. eigenbasis) for the MHD Riemann
problem with a general EOS is non-trivial and beyond
the scope of this work. Instead, we restrain ourselves to
the subset of MHD Riemann problems (see e.g. Ryu &
Jones 1995, for details on the MHD Rimena problem)
where all seven waves are discontinuities. To solve this
type of Riemann problem, one only needs to consider
the jump conditions across the discontinuities (Ryu &
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Table 2. Hydrogen HD Riemann Tests
Test # Test Type ρl vl Tl ρr vr Tr ∆t/∆x
1 Sod-like 1e-07 0.0 0.15 1.25e-08 0.0 0.062 0.25
2 Sod-like 4e-06 0.0 0.12 4e-08 0.0 0.019 0.3
3 Asym. Shock-Shock 8e-07 1.1 0.006 4e-07 -1.7 0.006 1.5
4 Asym. Shock-Shock 5e-07 1.5 0.006 4e-07 -1.8 0.006 1.5
5 Sym. Rare-Rare 8e-05 -0.8 0.095 8e-05 0.8 0.095 0.25
6 Asym. Rare-Rare 6e-05 -0.5 0.095 8e-05 0.9 0.095 0.25
Note—The left (l) and right (r) density (ρ), speed (u), and temperature (T ), as well as
∆t/∆x are given in the units listed in Table 1.
Table 3. Test 7 (MHD) inital conditions
ρL vx,L vy,L vz,L By,L Bz,L pL ρR vx,R vy,R vz,R By,R Bz,R pR
1.08 1.2 0.01 0.5 3.6/
√
4pi 2/
√
4pi 0.95 1 0 0 0 4/
√
4pi 2/
√
4pi 1
Note—Initial conditions for test 7, based on “test 2a” from Ryu & Jones (1995). Bx = 2/
√
4pi
is constant throughout the simulation domain. This test is run for ∆t/∆x = 0.2. Density is in
units of 10−7ρu, velocity in
√
0.2 vu, magnetic fields in
√
2× 10−8Bu, pressure in 2× 10−8 pu
(see Table 1 for unit deffinitions).
Table 4. Helmholtz HD Riemann Tests
Test # Test Type ρl
vl
108
pl
1016
ρr
vr
108
pr
1016
∆t/∆x
10−8
8 Sod-like 1.0 0.0 0.7 0.125 0.0 0.015 0.25
9 Asym. Shock-Shock 0.8 1.1 0.05 0.4 -1.7 0.03 0.6
Note—The left (l) and right (r) density (ρ), speed (u), and pressure (p), as well as
∆t/∆x are given in cgs units. For these tests we also set A¯ = Z¯ = 1 (see Timmes
& Swesty 2000, for more details).
Jones 1995):
Fi [1/ρ] = − [vx] (32)
Fi [vx] =
[
ptot −B2x
]
(33)
Fi [vy] = −Bx [By] (34)
Fi [vz] = −Bx [Bz] (35)
Fi [By/ρ] = −Bx [vy] (36)
Fi [Bz/ρ] = −Bx [vz] (37)
Fi [E/ρ] = [vxptot]−Bx [Bxvx +Byvy +Bzvz] , (38)
where E = e + (ρv2 + B2)/2, ptot = p + B
2/2, [q] =
qi+1 − qi, and Fi is the mass flux across the disconti-
nuity separating the i and i + 1 states. This gives 49
equations (the seven above equations for each of the
seven discontinuities) and 49 unknowns: the fluid pa-
rameters (ρi, vx,i, vy,i, vz,i, By,i, Bz,i, pi) for the six in-
termediate states (i ∈ {2..7}) and the fluxes (Fi) across
all seven discontinuities.
Extension of Athena++ for General EOS 7
To create our seventh test we utilize the initial left
(i = 1) and right (i = 8) states used in “test 2a” of
Ryu & Jones (1995) (see Table 3). The difference that
we introduce is the hydrogen EOS (Appendix B), where
Ryu & Jones (1995) use an ideal EOS, and we tune the
simulation units to achieve a large variation in Γ1. We
used the ideal gas solution presented in Ryu & Jones
(1995) as our initial guess for numerically determining
the solution to the system of the above 49 equations to
generate our test solution (Table 13).
4.3. Helmholtz HD Tests
A commonly used non-ideal EOS used in astrophysi-
cal fluid dynamics (particularly in stellar interiors and
supernovae) is the Helmholtz EOS (Timmes & Swesty
2000), based on the Helmholtz free energy. Despite its
wide usage, there exists only one previous work (Zingale
& Katz 2015) with HD tests showing convergence to a
known solution. We add to this work by computing ex-
act solutions to Riemann problems with the Helmholtz
EOS in different parameter space. We then conduct a
proper HD convergence test using this EOS by imple-
menting it in Athena++ and comparing the simulation
results to the exact solutions. Even though this EOS has
a tabular component to it, we do not utilize the tabular
EOS formalism in Section 3.2. Instead, we implemented
this EOS as a function of density and temperature ex-
actly as described by Timmes & Swesty (2000) and pre-
form a root-find7 to determine the temperature at each
EOS call. The last recovered temperature is used as
an initial guess for the next EOS call. The inclusion of
the Helmholtz EOS also demonstrates the flexibility and
extensibility of our EOS framework.
In developing a Riemann problem test we restrict our-
selves to (density-temperature) regimes where the sound
speed is non-relativistic and the pressure is not domi-
nated by degeneracy pressure. The EOS framework de-
scribed here is not capable of relativistic calculations,
giving rise to our first constraint, while the second con-
straint is more numeric in origin, as it is problematic
to invert p = p(ρ, T ) for temperature when degener-
acy pressure dominates. As in our previous tests we
also wish to generate tests with a noticeable variation of
Γ1. This set of constraints precludes double rarefaction-
wave tests because Γ1 varies negligibly along adiabats
(which rarefaction-waves follow) in the non-degenerate
non-relativistic regime. We are left with a Sod-like and a
double shock test, tests 8 and 9 respectively (see Table 4
and Figs. 10 and 11). As before we set the CFL number
7 We use a combination of bisection, secant, and NewtonRaph-
son methods.
to 0.4. We limit ourselves to two Helmholtz EOS tests,
as the variation of Γ1 is small compared to the hydrogen
EOS tests, making Helmholtz less challenging.
5. RESULTS AND DISCUSSION
5.1. Hydrogen HD Tests
With the exception of the double rarefaction tests (3
and 4), all tests show convergences rates close to linear,
i.e. the expected/best-case rate. We elaborate on the
outcomes and details of these tests below.
5.1.1. Sod-Like
Tests 1 and 2 show convergence very close to linear,
as expected for discontinuities (see Figs. 2 and 3). The
two discontinuities (contact in the middle and shock to
the right) are spread out over several grid cells (an ef-
fect typically called numerical viscosity), but track the
actual discontinuities well at high resolution. Both of
these tests show overshooting of vx at the transition
from the rarefaction wave to the L∗ state (recall Fig. 1),
which manifests as a noticeable-but-small “notch” fea-
ture at N = 2048. Similarly, test 1 shows undershooting
of ρ and p at the same transition and similar “notch”
features.
5.1.2. Shock-Shock
Tests 3 and 4 exhibit the worst convergence (only at
high resolution) compared to the other tests by a signif-
icant margin. Both of these tests also show worsening
convergence at higher resolution (N & 256), with errors
for test 3 nearly constant for 512 ≤ N ≤ 2048. Low am-
plitude oscillations of ρ and p about the exact solution
are present (most noticeable at N = 64). At N = 2048
these oscillations are reminiscent of ringing artifacts and
the Gibbs phenomenon especially at the location of the
rightmost shock. C19 have noted similar issues, and we
have seen comparable results in analogous ideal gas EOS
tests, in terms of convergence and deviations from the
solution at a fixed resolution.
This lack of convergence may by indicative of the lim-
itations of a finite volume methods without front track-
ing; specifically, when a cell straddles a discontinuity,
utilizing the volume averaged state likely results in er-
rors that cannot be diminished with increasing resolu-
tion. This is especially noticeable at the forward and re-
verse shocks in tests 3 and 4 (see Figs. 4 and 5), where
points are seen well below the correct Γ1 curve. This
is because Γ1 is non-monotonic here, causing the cell-
averaged density and pressure (through the EOS) to give
a Γ1 lower than the Γ1 on either side of the shock. This
under-prediction of Γ1 is roughly the same for N = 64
and N = 2048, suggesting that this is related to the lack
of convergence at high resolution.
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Figure 2. Results for Riemann test 1 (see Table 2). Top: L1, L2 errors for density, pressure and velocity, as a function of
number of cells (N) normalized by their value at N = 64. The dotted gray line indicates a linear trend. Bottom: Profiles of
Athena++ results (blue points) and exact solution (black line) at t = ∆t for N = 64 (left) and N = 2048 (right).
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Figure 3. Same as Fig. 2 but for Riemann test 2 (see Table 2).
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Figure 4. Same as Fig. 2 but for Riemann test 3 (see Table 2).
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Figure 5. Same as Fig. 2 but for Riemann test 4 (see Table 2).
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Figure 6. Same as Fig. 2 but for Riemann test 5 (see Table 2).
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Figure 7. Same as Fig. 2 but for Riemann test 6 (see Table 2).
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Figure 8. L1, L2 errors for various fluid parameters for test 7 (see Tables 3 and 12), as a function of number of cells (N)
normalized by their value at N = 64. The dotted gray line indicates a linear trend. Bottom: Profiles of Athena++ results (blue
points) and exact solution (black line) at t = ∆t for N = 64 (left) and N = 2048 (right).
Despite these issues, even the N = 64 case (for both
tests) well approximates the exact solution, indicating
that our code preforms reasonably well. Additionally,
these test were designed as a worse case scenario, so the
fact that at N = 64 the recovered solution is close to
the exact solution is reassuring.
As alluded to in Section 2, these tests seem to be sen-
sitive to the choice of wave-speed estimators. For the
HLLC Riemann solver we found that the PVRS estima-
tor performed significantly better then the Roe averaged
method (see Appendix A for details on these wave-speed
estimators). We hope that these tests could be utilized
for further examination of the impact of different wave-
speed estimators.
5.1.3. Double-Rarefaction
Tests 5 and 6 both show close to linear convergence,
and small errors (see Figs. 6 and 7). A small deviation
in density is noticeable in both tests near the middle of
the simulation. This central spike is a common feature
in numerical solutions of double-rarefaction wave tests
(see e.g. Toro 1999; Chen et al. 2019). It is particularly
surprising how significantly affected the ionization frac-
tion (x) and Γ1 are effected here (especially at N = 64).
This is because the test is tuned to be at the ionization
edge, making these parameters very sensitive to pressure
and density. Despite the large deviations of x, and Γ1,
the remainder of the plotted fluid parameters are well
behaved and remain close to the exact solution.
5.1.4. HLLE
We experimented with the HLLE8 Riemann solver
using a variety of wavespeed estimators. None of the
wavespeed estimators we tried effected the outcomes of
tests 1, 2, 5 and 6 (this is also true for HLLC). For these
tests, HLLE had found L1 and L2 errors a few tens of
per cent worse than HLLC. For tests 3 and 4 HLLE
did not converge to the correct solution for any of the
wavespeed estimators we tried9; although there may ex-
ist a wavespeed estimator which does enable HLLE to
properly converge.
5.2. Hydrogen MHD Test
Test 7 shows near linear convergence for all the fluid
variables and the recovered solution well approximates
8 Also called HLL.
9 However, HLLE with the Roe averaged wavespeed estimator
(see Section A.1) does converge to the correct solutions on the
ideal gas EOS analogs of tests 3 and 4.
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Figure 9. Profiles of fluid parameters for test 7 (see Table 3) with the Athena++ results (blue points) and exact solution (black
line) at t = ∆t for N = 64 (left) and N = 2048 (right).
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Figure 10. Same as Fig. 2 but for Riemann test 8 (see Table 4).
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Figure 11. Same as Fig. 2 but for Riemann test 9 (see Table 4).
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the exact solution. We also ran tests 1 − 6 where we
explicitly use the MHD equations with B = 0 and the
HLLD Riemann solver. With the exception of tests 3
and 4, all results and errors were consistent to the results
for HLLC (using the Euler equations). Tests 3 and 4 had
slightly worse convergence, and the deviations (i.e. L1
and L2) of the recovered solution compared to the exact
one were worse by a factor of up to three. This is due
to the different wave-speed estimator; when we change
HLLC to use the estimator that is currently used by
HLLD, similar results are recovered. Unfortunately, the
PVRS wave-speed estimator (see Appendix A) is not
readily extendable to MHD. This indicates that further
work is needed on testing and deriving different wave-
speed estimators for HLLD.
5.3. Helmholtz HD Tests
Both the Sod-like and double shock tests (tests 8 and
9 respectively) show good convergence (roughly linear as
expected) and accurately reproduce the exact solution.
At N = 2048 test 8 shows no significant deviation from
the exact solution, and even the N = 64 case tracks
the exact solution rather well. Test 9 exhibits similar
features compared to the analogues hydrogen tests (3
and 4). At N = 64 oscillations about the exact solution
are present, albeit with small amplitudes. The ringing
artifacts are again present at N = 2048 around the two
shock discontinuities.
We note that test 9 has more accurate results and
better convergence compared to the analogues hydrogen
tests, indicating that the hydrogen EOS provides more
strenuous tests of our modifications to Athena++. This
is likely because the hydrogen EOS has more rapid and
substantial variations in Γ1, and discontinuities can span
regions where Γ1 is far from monotonic. Our tests using
the Helmholtz EOS show that this EOS is well behaved
for (M)HD applications with Godunov-type codes, and
that our new framework is capable of handling a variety
of EOS.
6. SUMMARY AND CONCLUSION
In this paper, we described new modifications to the
Athena++ framework which enables the use of general
EOS in solving non-relativistic (M)HD problems. This
required modifications to EOS calls and the (HLLC, and
HLLD) Riemann solvers within Athena++, and we were
unable to find a modification to HLLE that enabled it
to properly converge to the solutions of tests 3 and 4.
Due to the lack of previously existing tests, we gener-
ated a series of (M)HD tests utilizing a non-trivial EOS
based on a hydrogen gas, and two HD tests using the
Helmholtz EOS (Timmes & Swesty 2000). We then use
these tests to verify the accuracy and convergence rate
of our modifications to Athena++. For the most part our
code recovered solutions close to the exact ones and con-
verged as expected. This was less true for the hydrogen
EOS double-shock tests (3 and 4), but the deviations
from the exact solution were still small in these cases.
These double-shock tests may also demonstrate a limit
of the finite volume method: near the forward and re-
vere shock-discontinuities passing the cell-averaged fluid
state to the EOS results in Γ1 values that are signifi-
cantly lower compared to Γ1 on either side of te shock.
In our investigation we discovered that wave-speed
estimator used within the Riemann solver can make a
substantial difference in both the convergence rate and
overall accuracy, in particular for tests 3 and 4. Accord-
ingly, we suggest further investigation into wave-speed
estimators, especially for HLLD.
By making our newly developed tests freely avail-
able to other code developers and by including our
EOS framework into the publicly available version of
Athena++, we hope to enable a wide variety of research
involving astrophysical fluids where the complexities of
a realistic EOS have a substantial impact.
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APPENDIX
A. WAVE-SPEED ESTIMATES
A.1. Roe Average
Before the work presented here, Athena++ used the Roe average to approximate the middle state as a means to
estimate the extremal wave-speeds (see e.g. Sections 10.5.1 and 11.3.3 of Toro 1999). The Roe average middle state
gives
ρ˜ =
√
ρLρR (A1)
v˜x =
√
ρLvx,L +
√
ρRvx,R√
ρL +
√
ρR
(A2)
H˜ =
√
ρLHL +
√
ρRHR√
ρL +
√
ρR
(A3)
a˜2 = a2
(
ρ˜, h˜
)
, (A4)
where H = p/ρ+ e+ v2/2 is the total specific enthalpy, h = H − v2/2 is the internal specific enthalpy, and the Tilda
(e.g H˜) denotes the Roe average of the quantity underneath. Note, that this requires a fourth EOS function, a2 (ρ, h),
in addition to the three previously specified by Eqns. 13-15. For an ideal gas, Eqn. A4 simplifies to
a˜2 = (γ − 1)h˜. (A5)
Using these results, the approximations of the extremal wave-speeds are
λmin = min (vx,L − aL, v˜x − a˜) (A6)
λmax = max (vx,R + aR, v˜x + a˜) . (A7)
A.2. PVRS Method
After experimenting with a few wave-speed estimators we discovered that the primitive variable Riemann Solver
(PVRS) method for estimating the wave-speed, described in Sections 9.3 and 10.5.2 of Toro (1999), resulted in signif-
icant reduction of errors and improved convergence in tests 3 and 4 (see Section 4 and Table 2). Accordingly, we now
use this method to estimate the extremal wave-speeds, as we describe here. The middle sates are estimated by
ρ =
1
2
(ρL + ρR) (A8)
a =
1
2
(aL + aR) (A9)
p∗ =
1
2
(pL + pR)− 1
2
(vx,R − vx,L) ρ a (A10)
vx∗ =
1
2
(vx,L + vx,R)− 1
2
(px,R − px,L)/(ρ a) (A11)
ρ∗L = ρL + (vx,L − vx∗) (ρ/a) (A12)
ρ∗R = ρR + (vx∗ − vx,R) (ρ/a) (A13)
Γ∗K =
ρ∗K
p∗
a2 (ρ∗K , p∗) , (A14)
where K is either L or R. We note that the last of these equations become trivial for an ideal EOS (Γ∗K = γ), making
the computation of ρ∗K unnecessary (Eqns. A12 and A13).
With these computed we estimate the extremal wave-speeds as
qK =
 1 if p∗ ≤ pK√1 + Γ∗K+12Γ∗K (p∗/pK − 1) if p∗ > pK (A15)
λmin = vx,L − aLqL (A16)
λmax = vx,R + aRqR. (A17)
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The added benefit of using the PVRS method over the Roe average method, is that it reduces the number of required
EOS functions from four to three.
B. SIMPLE HYDROGEN EOS
To test our Riemann solvers in the simplest possible EOS which contains an ionization transition, we consider a
plasma with only three species: electrons (e−), neutral hydrogen (H0), and protons/ionized hydrogen (H+). We shall
assume local thermal equilibrium (LTE) and consider only one reaction:
H0 
 H+ + e− (B18)
To derive this EOS we need to know the relevant partition functions. Zi,r is the partition function per volume for
the rth ionized state of species i (henceforth partition function will be used to mean partition function per volume).
The partition function can be broken down into parts
Zi,r = Z
bound
i,r × Znuci,r × Zeleci,r × Ztri,r × Zexcti,r . (B19)
These parts are: internal bound states Zboundi,r , nuclear spin Z
nuc
i,r , electron spin and angular momentum Z
elec
i,r , trans-
lation Ztri,r, and excitation Z
exct
i,r . To further simplify the problem we shall assume that
Zboundi,r = 1 for all i, r. (B20)
While this is not technically true for H0, it is a relatively small effect on the EOS. Additionally, this EOS is meant as
a simple proof of concept and not for high precision applications.
We now list the partition functions for all the species. The partition functions not explicitly described are unity.
The translational partition function has the same form for all species
Ztri,r =
(
2pimikT
h2
)3/2
= nq
(
mi
me
T
Tion
)3/2
, (B21)
where
nq ≡
(
2pimekTion
h2
)3/2
= 1.514892× 1023 cm−3 (B22)
Tion ≡ 1
k
α2mec
2
2
= 157 888 K. (B23)
and is the only “partition function” which is actually a partition function per volume. Physically, Tion corresponds
to the ionization energy of hydrogen, and at this temperature nq is roughly the number density where the quantum
degeneracy pressure of elections becomes important. Note that we neglect differences in mass due to ionization level
(i.e. mi,r = mi for all r). The remaining non-trivial partition functions are
Zelece = 2, (B24)
ZelecH,0 = 2, (B25)
ZexctH,1 = exp (−Tion/T ) , (B26)
ZnucH,r = 2, (B27)
while all the unspecified partition functions are unity.
To compute the EOS we must solve the Saha equation corresponding to Eqn. B18, number conservation, and charge
neutrality:
xH,0 = xH,1
neZH,0
ZeZH,1
= xH,1
ne
nq
exp
(
Tion
T
)(
Tion
T
)3/2
, (B28)
xH,0 = 1− xH,1, (B29)
ne = xH,1nnuc, (B30)
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respectively, where xi,r is the fraction of species i in ionization state r, and nnuc = ρ/mp is number density of atomic
nuclei regardless of ionization state. Note that we have neglected the electrons’ contribution to the mass budget.
Solving these equations for the ionization fraction x = xH,1 we get:
x(ρ, T ) = 2
/1 +
√
1 + 4
ρ
mpnq
exp
(
Tion
T
)(
Tion
T
)3/2 (B31)
x(ρ˜, T˜ ) = 2
/(
1 +
√
1 + 4ρ˜ exp
(
1/T˜
)
T˜−3/2
)
. (B32)
where ρ˜ = ρ/mpnq and T˜ = T/Tion.
Pressure and specific internal energy are respectively
p =
∑
i,r
ni,rkT = nqkTion × ρ˜T˜
(
1 + x(ρ˜, T˜ )
)
, (B33)
 =
1
ρ
∑
i,r
ni,rkT
d lnZi,r
d lnT
=
kTion
mp
×
(
x(ρ˜, T˜ ) +
3
2
p˜
ρ˜
)
. (B34)
The generalized adiabatic index Γ1 is (Coleman 2017):
Γ1 =
(
∂ ln p
∂ ln ρ
)
s
=
(
∂ ln p
∂ ln ρ
)
T
+
[
1
ρ
− ρ
p
(
∂
∂ρ
)
T
] (
∂p
∂T
)
ρ
/(
∂
∂T
)
ρ
(B35)
=
5
3
[
1 +
(
T˜ +
2
3
)(
xT˜
1 + x
)]−1
+
5
3
[
4
15 + T˜
(
T˜ + 43
)]
xT˜(
T˜ + 23
) [
1 + x+
(
T˜ + 23
)
xT˜
] (B36)
where
xT˜ =
∂x
∂T˜
=
x3
2− x exp
(
1
T˜
)
T˜−7/2
(
1 +
3
2
T˜
)
ρ˜, (B37)
making the adiabatic sound speed squared
a2 = Γ1
p
ρ
=
kTion
mp
× p˜
ρ˜
Γ1. (B38)
C. TEST SOLUTIONS
In this appendix, we list all the test errors and all the constant states in the Riemann solutions for all the tests
presented in this work. Machine readable tables consisting of a 101 points of data for each rarefaction wave are
provided in the supplementary data.
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Table 5. Hydrogen HD Test Errors
Test N L1 (ρ) L2 (ρ) L1 (p) L2 (p) L1 (vx) L
2 (vx)
1 64 1.18526e-09 3.90788e-10 1.75673e-10 4.70512e-11 0.0101844 0.0049524
1 128 6.52211e-10 1.82219e-10 8.98295e-11 2.17277e-11 0.00535542 0.00242333
1 256 3.43998e-10 9.22899e-11 4.3916e-11 9.70001e-12 0.00263415 0.00117272
1 512 1.88784e-10 4.79892e-11 2.20788e-11 4.56818e-12 0.00130276 0.000561452
1 1024 1.02255e-10 2.50142e-11 1.12218e-11 2.20999e-12 0.000647827 0.000264936
1 2048 5.555e-11 1.30789e-11 5.75122e-12 1.11745e-12 0.000320162 0.000121419
2 64 2.05043e-08 4.48488e-09 3.86134e-09 9.54837e-10 0.0175258 0.009305
2 128 1.13715e-08 2.12686e-09 1.98389e-09 4.02133e-10 0.0121129 0.00654894
2 256 5.6973e-09 8.53122e-10 9.87317e-10 1.63936e-10 0.00463307 0.00220163
2 512 2.93707e-09 4.88004e-10 5.05463e-10 7.62406e-11 0.00338977 0.00184044
2 1024 1.43429e-09 1.77397e-10 2.43922e-10 2.77733e-11 0.00126727 0.000646525
2 2048 7.22207e-10 8.5315e-11 1.22162e-10 1.23041e-11 0.000594418 0.000289376
3 64 1.19928e-07 4.50814e-08 1.21356e-08 5.8432e-09 0.0320844 0.0194994
3 128 7.70122e-08 2.92359e-08 8.64693e-09 4.83247e-09 0.0202922 0.0128488
3 256 4.27475e-08 1.3126e-08 4.08513e-09 1.94484e-09 0.00467917 0.00289921
3 512 2.84109e-08 7.48508e-09 2.03556e-09 9.80491e-10 0.00457252 0.00274169
3 1024 2.76266e-08 7.14675e-09 3.15147e-09 1.55832e-09 0.00454571 0.00240803
3 2048 2.21142e-08 4.17981e-09 2.66441e-09 1.08664e-09 0.00386742 0.00163494
4 64 1.0688e-07 4.6612e-08 2.38946e-08 1.30729e-08 0.0278196 0.0215445
4 128 5.42234e-08 1.75249e-08 8.70441e-09 4.45578e-09 0.0195944 0.0126834
4 256 4.28801e-08 1.3356e-08 7.17781e-09 4.39213e-09 0.013417 0.0077241
4 512 3.61267e-08 9.49748e-09 6.61445e-09 3.49941e-09 0.0105283 0.00521227
4 1024 3.43051e-08 7.5713e-09 6.26103e-09 2.56907e-09 0.00903488 0.00354662
4 2048 3.3276e-08 5.48717e-09 6.2928e-09 1.87685e-09 0.00826429 0.00248911
5 64 1.20724e-06 2.29261e-07 1.53341e-07 2.90226e-08 0.0169089 0.00286347
5 128 6.45263e-07 8.9431e-08 7.52587e-08 1.07995e-08 0.00804683 0.00103968
5 256 3.7685e-07 4.06644e-08 3.7701e-08 4.3091e-09 0.00601432 0.000586183
5 512 2.47236e-07 2.09883e-08 1.86701e-08 1.67772e-09 0.00377925 0.000313979
5 1024 1.43016e-07 1.05135e-08 9.25275e-09 6.65128e-10 0.00201446 0.000145563
5 2048 7.30103e-08 4.96282e-09 4.61886e-09 2.59262e-10 0.00100227 6.33635e-05
6 64 8.83387e-07 1.72985e-07 1.12028e-07 2.19415e-08 0.0122718 0.00223009
6 128 4.95671e-07 7.4662e-08 5.6249e-08 8.9845e-09 0.00647157 0.000885634
6 256 2.91329e-07 3.27177e-08 2.74667e-08 3.43054e-09 0.00407434 0.000417845
6 512 1.75396e-07 1.59762e-08 1.35503e-08 1.37383e-09 0.00225795 0.0001902
6 1024 9.14211e-08 7.16586e-09 6.6703e-09 5.32228e-10 0.00113953 8.51039e-05
6 2048 4.60376e-08 3.40303e-09 3.32417e-09 2.09031e-10 0.000568903 3.75435e-05
Note—All units are those listed in Table 1.
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Table 6. Test 1 solution
State (i) ρi pi vi Ti λmin λmax
1 1.0000000e-07 2.9979766e-08 0.0000000e+00 1.5000000e-01 −∞ -7.0412538e-01
2 3.6231794e-08 6.5530353e-09 5.9219500e-01 9.2937185e-02 1.0725946e-01 5.9219500e-01
3 5.9466421e-08 6.5530353e-09 5.9219500e-01 7.4070032e-02 5.9219500e-01 7.4980628e-01
4 1.2500000e-08 1.0026412e-09 0.0000000e+00 6.2000000e-02 7.4980628e-01 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the
four constant states in the solution of test 1. The solution for the rarefaction wave is in supplementary material.
Table 7. Test 2 solution
State (i) ρi pi vi Ti λmin λmax
1 4.0000000e-06 8.4741487e-07 0.0000000e+00 1.2000000e-01 −∞ -5.1742727e-01
2 3.8242193e-07 4.9053229e-08 1.0452190e+00 8.5178414e-02 6.5617334e-01 1.0452190e+00
3 4.2049684e-07 4.9053229e-08 1.0452190e+00 8.2328850e-02 1.0452190e+00 1.1550984e+00
4 4.0000000e-08 7.6000000e-10 0.0000000e+00 1.9000000e-02 1.1550984e+00 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the
four constant states in the solution of test 2. The solution for the rarefaction wave is in supplementary material.
Table 8. Test 3 solution
State (i) ρi pi vi Ti λmin λmax
1 8.0000000e-07 4.8000000e-09 1.1000000e+00 6.0000000e-03 −∞ -1.8903927e-01
2 7.7533506e-06 1.1969393e-06 -5.6034656e-02 1.0639183e-01 -1.8903927e-01 -5.6034656e-02
3 4.2101848e-06 1.1969393e-06 -5.6034656e-02 1.4659754e-01 -5.6034656e-02 1.1655176e-01
4 4.0000000e-07 2.4000000e-09 -1.7000000e+00 6.0000000e-03 1.1655176e-01 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the
four constant states in the solution of test 3.
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Table 9. Test 4 solution
State (i) ρi pi vi Ti λmin λmax
1 5.0000000e-07 3.0000000e-09 1.5000000e+00 6.0000000e-03 −∞ -2.2343227e-01
2 5.3963971e-06 1.3505075e-06 -6.3748668e-02 1.3442604e-01 -2.2343227e-01 -6.3748668e-02
3 3.7900129e-06 1.3505075e-06 -6.3748668e-02 1.7931867e-01 -6.3748668e-02 1.4111796e-01
4 4.0000000e-07 2.4000000e-09 -1.8000000e+00 6.0000000e-03 1.4111796e-01 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the
four constant states in the solution of test 4.
Table 10. Test 5 solution
State (i) ρi pi vi Ti λmin λmax
1 8.0000000e-05 8.3166294e-06 -8.0000000e-01 9.5000000e-02 −∞ -1.1617972e+00
2 6.1125432e-06 2.5241908e-07 0.0000000e+00 4.1286848e-02 -2.6033771e-01 0.0000000e+00
3 6.1125432e-06 2.5241908e-07 0.0000000e+00 4.1286848e-02 0.0000000e+00 2.6033771e-01
4 8.0000000e-05 8.3166294e-06 8.0000000e-01 9.5000000e-02 1.1617972e+00 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the four
constant states in the solution of test 5. The solutions for the rarefactions wave are in supplementary material.
Table 11. Test 6 solution
State (i) ρi pi vi Ti λmin λmax
1 6.0000000e-05 6.3158878e-06 -5.0000000e-01 9.5000000e-02 −∞ -8.6273248e-01
2 7.1322370e-06 4.1186956e-07 1.8235310e-01 5.7338347e-02 -1.0278163e-01 1.8235310e-01
3 8.2935436e-06 4.1186956e-07 1.8235310e-01 4.9585965e-02 1.8235310e-01 4.6030997e-01
4 8.0000000e-05 8.3166294e-06 9.0000000e-01 9.5000000e-02 1.2617972e+00 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) for the
four constant states in the solution of test 6. The solutions for the rarefactions wave are in supplementary
material.
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Table 14. Helmholtz HD Test Errors
Test N L1 (ρ) L2 (ρ)
L1 (p)
1016
L2 (p)
1016
L1 (vx)
108
L2 (vx)
108
8 64 0.00842 0.00214067 0.004111 0.00114166 0.0129963 0.00536057
8 128 0.00411609 0.00120448 0.00206671 0.000564817 0.00806605 0.00432055
8 256 0.00210724 0.000637162 0.00103097 0.000284614 0.00420335 0.00230794
8 512 0.00116523 0.000364281 0.000532187 0.000157629 0.00227806 0.00128378
8 1024 0.000515071 0.000122224 0.000243799 5.5439e-05 0.000799265 0.00033411
8 2048 0.000282591 7.7422e-05 0.000125973 3.23936e-05 0.000513506 0.000280413
9 64 0.0448092 0.0160534 0.0223389 0.00861574 0.0244165 0.0135292
9 128 0.0278551 0.00990319 0.0122576 0.00501282 0.0108626 0.00621638
9 256 0.0154215 0.00592849 0.00719734 0.00345097 0.00570097 0.00345825
9 512 0.00704766 0.00225622 0.00299679 0.00139298 0.00380227 0.00245933
9 1024 0.0037353 0.00112785 0.00153938 0.000652569 0.000914637 0.000355625
9 2048 0.00223567 0.000726123 0.00075284 0.000366375 0.00107587 0.000649967
Note—Values given in cgs units.
Table 15. Test 8 solution
State (i) ρi
pi
1016
vi
108
Ti
λmin
108
λmax
108
1 1.0000000e+00 7.0000000e-01 0.0000000e+00 2.9928464e+07 −∞ -1.0173409e+00
2 3.6995110e-01 1.5962459e-01 9.0151646e-01 1.9732827e+07 9.8304277e-02 9.0151646e-01
3 4.2009694e-01 1.5962459e-01 9.0151646e-01 1.8563834e+07 9.0151646e-01 1.2833895e+00
4 1.2500000e-01 1.5000000e-02 0.0000000e+00 6.9368772e+06 1.2833895e+00 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) in cgs units
for the four constant states in the solution of test 8. The solutions for the rarefactions wave are in supplementary
material.
Extension of Athena++ for General EOS 29
Table 16. Test 9 solution
State (i) ρi
pi
1016
vi
108
Ti
λmin
108
λmax
108
1 8.0000000e-01 5.0000000e-02 1.1000000e+00 3.7568121e+06 −∞ -4.4550675e-01
2 3.0224360e+00 1.4550894e+00 -3.6430963e-02 2.6482111e+07 -4.4550675e-01 -3.6430963e-02
3 1.7919758e+00 1.4550894e+00 -3.6430963e-02 3.5455933e+07 -3.6430963e-02 4.4161443e-01
4 4.0000000e-01 3.0000000e-02 -1.7000000e+00 4.4969785e+06 4.4161443e-01 ∞
Note—Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λmin, λmax) in cgs units
for the four constant states in the solution of test 9.
